A scale-free model for the coupled evolution of discrete dislocation bands and multivariant martensitic microstructure is developed. In contrast to previous phase field models, which are limited to nanoscale specimens, this model allows for treating the nucleation and evolution of martensite at evolving dislocation pileups, twin tips, and shear bands in a sample of an arbitrary size. The model is applied for finite element simulations of plastic strain-induced phase transformations (PTs) in a polycrystalline sample under compression and shear. The solution explains the one to two orders of magnitude reduction in PT pressure by plastic shear, the existence of incompletely transformed stationary state, and optimal shear strain for the strain-induced synthesis of high pressure phases. DOI: 10.1103/PhysRevLett.121.205701 The interaction between phase transformations (PTs) and plasticity is one of the fundamental problems in transformational or deformational material behavior and material design [1]. Martensitic PTs usually start at stress concentrators caused by dislocations. In addition to preexisting dislocations, dislocations may nucleate due to external stresses and internal stresses caused by PT. For plastic strain-induced PTs, the martensite nucleation occurs at dislocations, shear bands, and shear-band intersections that are generated during plastic flow. Plastic deformation reduces PT pressure by a factor of 2 to 10, in comparison with hydrostatic loading for various PTs [2][3][4][5][6]. Recently, a reduction in pressure due to plastic shear from 70 to 0.7 GPa was reported for PT from graphite to diamond [7]. Such an extremely strong effect of plastic shear was explained by nucleation at the dislocation pileup [8], which produces a concentration of all components of the stress tensor proportional to the number of dislocations in a pileup. A much more precise simulation for a bicrystal was performed [9-11] using the phase field approach (PFA) to the interaction of PT and discrete dislocations developed in [12, 13] .
The interaction between phase transformations (PTs) and plasticity is one of the fundamental problems in transformational or deformational material behavior and material design [1] . Martensitic PTs usually start at stress concentrators caused by dislocations. In addition to preexisting dislocations, dislocations may nucleate due to external stresses and internal stresses caused by PT. For plastic strain-induced PTs, the martensite nucleation occurs at dislocations, shear bands, and shear-band intersections that are generated during plastic flow. Plastic deformation reduces PT pressure by a factor of 2 to 10, in comparison with hydrostatic loading for various PTs [2] [3] [4] [5] [6] . Recently, a reduction in pressure due to plastic shear from 70 to 0.7 GPa was reported for PT from graphite to diamond [7] . Such an extremely strong effect of plastic shear was explained by nucleation at the dislocation pileup [8] , which produces a concentration of all components of the stress tensor proportional to the number of dislocations in a pileup. A much more precise simulation for a bicrystal was performed [9] [10] [11] using the phase field approach (PFA) to the interaction of PT and discrete dislocations developed in [12, 13] .
The main drawback of the traditional PFA is the necessity of numerically resolving the widths of the phase interface and dislocation core, which are ∼1 nm. Using 4-5 finite elements (FEs) across an interface required for meshindependent solutions results in an atomic-size grid. This prevents a numerical treatment of samples exceeding 0.1 − 1 μm. At the same time, the typical initial grain size can be 10-1000 μm or larger.
In some theories [14] , the interface width is artificially increased to 1 μm (i.e., by a factor of 1000) while maintaining the same interface energy. However, this leads to a proportional reduction in the stress or temperature hysteresis [4, 15] , and the barrierless nucleation in the defect-free crystal occurs very close to the phase equilibrium stress. This is in disagreement with large stress and pressure hysteresis for many PTs [7] .
A microscale PFA was suggested in [16, 17] , and it was applied for the discrete martensitic microstructure evolution in the sample exceeding 100 nm and without an upper limit. We will use this model (see the complete system of equations in [18] ) as part of our model for the interaction of PTs and discrete dislocations. The order parameter in [16, 17] is the volume fraction of the martensite, c, which causes strain softening and material instability during the PT, the transformation strain localization, and the corresponding discrete martensitic microstructure. This is in contrast to traditional models [22, 23] with strain hardening that produces a smeared description of martensite. The volume fraction of martensitic variants are internal variables rather than order parameters; i.e., they do not describe material instability and do not form a martensite-martensite microstructure and interfaces. Material properties are determined by the simplest mixture theory [Eqs. (S.1), (S.5), (S.7)] with the interaction term between austenite and martensite [Eq. (S.2)], which actually causes material instability. The thermodynamic driving forces for all PTs are determined from the thermodynamic laws in Eqs. (S.9) and (S.10). When the driving force exceeds an athermal threshold [Eqs. (S.11) and (S.12)], a linear relationship between the rate of PT and the corresponding net driving force is assumed [Eqs. (S.13) and (S.14)]. The model is practically scale-independent because a gradient term is dropped. Although the width of the interface, which is equal to a single FE, is mesh-dependent, this weakly affects the morphology of the martensitic microstructure and macroscopic stress-strain curves [15] .
In the PFA for dislocations [24, 25] , scaling up is usually produced by increasing the dislocation height at a fixed Burgers vector, which, however, reduces transformation shear and stress concentration by the same factor. The PFA for the interaction between discrete dislocations and PTs [12, 13] was utilized at the nanoscale only [9] [10] [11] .
Our goal is to develop a modeling approach for the interaction between PTs and plasticity in large samples, that still includes dislocation pileup-type stress concentrators to cause nucleation of the evolving multivariant martensitic regions. In this Letter, we suggest the utilization of the contact problem formulation [26, 27] to model multiple dislocations in dislocation pileups and macroscopic shear bands, and its combination with the PFA for PT in elastic materials developed in [15] [16] [17] . Despite its simplicity, this model effectively reproduces the stress field of a single dislocation (excluding stress divergence) and the solutions to problems on nucleation and evolution of a high pressure phase (HPP) at evolving dislocation pileups in a bicrystal under compression and shear at the nanoscale [9] [10] [11] . The model can be used for any sample size exceeding 30-50 nm. It is demonstrated that solutions for stresses and a HPP are scale-independent for geometrically similar samples, and that the number of dislocations in a pileup increases proportionally to the sample size. Problems on two-variant PTs and dislocation pileups evolution, in a polycrystalline sample under compression and shear, are solved and utilized for the interpretation of a drastic reduction in PT pressure due to plastic deformations [2] [3] [4] [5] [6] [7] and other related phenomena.
Dislocations via contact problem.-By definition [28, 29] , a dislocation represents a cut in an elastic continuum and the relative sliding of two sides of the cut by the Burgers vector b. Likewise, multiple dislocations along the same slip surface, which can be considered to be continuously distributed, can be defined by the relative sliding u s . Furthermore, the traction and normal displacements across the cut are continuous. Similar conditions can be reproduced by the solution of a contact problem [26, 27] between two deformable bodies. The tangential to contact surface displacements, i.e., the relative sliding u s , is determined by the constitutive equations. We define the following general sliding (slip) rule
where f ¼ 0 is the limit surface in the space of the shear stress τ within a slip plane, which characterizes athermal resistance to the dislocation motion and within which sliding is impossible, and q is the function that determines the kinetics of the slip. These functions may include anisotropy, rate and normal stress dependence, and other features from the theory of discrete or continuous dislocations or crystal plasticity [28] [29] [30] . In particular, sliding can be allowed along the known slip directions within a slip plane, governed by resolved shear stresses along these directions, and with some interaction terms between the slip rates along different slip systems. Because our current applications will be twodimensional (2D), we simplify the sliding rule as
where τ c is the athermal threshold, and k > 0 is a scalar, which is determined from the condition jτj ¼ τ c , which corresponds to the main equilibrium equations for the continuous dislocation distribution [28, 29] . The only spatial scale parameter, the Burgers vector, does not need to be resolved numerically; i.e., the model is scale-independent, and it can be applied to an arbitrary large sample. Expressing equations for continuous distributions of dislocations along the chosen slip surfaces in terms of the formulation of a contact problem allows us to utilize well-developed FE method codes for the solution of contact problems to simulate the continuous dislocation evolution along the discrete slip surface. By combining the contact problem with the model for scale-free multivariant martensitic PTs presented in [18] [i.e., solving Eq. (2) PTs between the low-pressure phase (LPP) bcc (austenite) and HPP bct (martensite) are considered. The material parameters are: the difference in the thermal energy between HPP and LPP ΔG θ ¼ 1.0 GPa, the phase equilibrium pressure p e ¼ 10 GPa, and the lattice instability pressure for the LPP p cr ¼ 20 GPa; see also [18] . Quadratic plane strain FEs, straight edge dislocations, the same τ c for both phases, and two martensitic variants are considered.
The model is implemented in Abaqus FE code through a corresponding user material subroutine [27] . The mesh generation, the shape and orientation of the grains, and the slip systems are facilitated via DREAM.3D [31] and MTEX [32] . bcc crystal deforms mainly along 12 slip systems f110gh111i in 3D, but f112gh111i may also be operative [33] . The only way to make simulations consistent with the plane strain treatment is to select f112gh111i slip systems, which are inherited by a bct crystal. Then, for all grain orientations, the Bunge-Euler angles [34] are φ ¼ 135°, φ 2 ¼ 0°, and φ 1 (a rotation about the out-of-plane normal). When in the contact problem, u s ¼ b is imposed along part of a contact line in a sufficiently large sample, producing separated positive and negative dislocations, and the stress fields are in good agreement with the analytical solution for a single dislocation [28] for jxj ≥ 0.3b. It is proven that by changing the mesh density, regularity, and the element type, that all of the following solutions are practically mesh-independent.
First, we solve the problem of PT at the dislocation pileup in a bicrystal, for the same conditions as in [9] , in which the nanoscale PFA was utilized. Consider a sample that consists of two rectangular crystals, both of the size h × L ¼ 20 × 25, in which the PT and/or the contact problem for the dislocation pileup are solved (Fig. 1) . Two rectangles with the size of 50 × 5 at the top and bottom of the bicrystal simulate the elastic accommodations of the surrounding grains. We chose τ c ¼ 1.0 GPa. In the presence of one dislocation, at the center of a sample and under hydrostatic loading, the lowest hydrostatic pressure at which the HPP nucleates is p h ¼ 14.70 GPa; this is close to 15.75 GPa reported in [9] .
In Figs. 1 and 2 , the top edge of the sample is subjected to a homogeneous Cauchy (true) compressive stress σ n and uniform horizontal displacement, u, presented by macroscopic shear γ ¼ u=h, both constant in time, where h is the height of the grains, the periodic boundary conditions (PBC) for displacements are implemented on the lateral edges, and the bottom edge is fixed. These fast loading conditions are the same as in [9] . The PT without dislocations in the right grain is studied when a single horizontal contact surface, as the slip plane for the modeling dislocation activity, is introduced in the left grain. For characterization of the PT in 2D, the pressure is defined as p ¼ −0.5ðσ x þ σ y Þ. Without shear strain, the stress σ n ¼ 3.05 GPa results in an averaged pressure of 2.0 GPa over each grain. With the increasing shear γ, the contact surfaces start slipping, producing an increasing number of couples of positive and negative dislocations. Several dislocations pile up at the grain boundary, producing steps from both sides of the bicrystal. The stationary solution for γ ¼ 0.2 contains a pileup of 7 dislocations, the same number as in [9] . Thereafter, the PT is permitted in the right grain, similar to [9] . Due to the high-stress concentrations at the tip of the dislocation pileup, two HPP regions nucleate, grow, and coalesce. The final volume fraction of HPP averaged over the right grain isc ¼ 0.58. In [9] , c ¼ 0.51, and the morphology of the HPP region is quite close to what is obtained here {see Fig. 2(a) and Fig. S1 in [18] }. Thus, our model is effective in reproducing results from the much more sophisticated nanoscale model in [9] . Because of the volume reduction during the PT, the averaged pressure over both grains reduced to a stationary valuep ¼ 0.07 GPa. This is more than two orders of magnitude lower than the PT pressure of 14.7 GPa under hydrostatic loading. This conceptually proves the ability of our model to describe the drastic reduction in the PT pressure due to the plastic shear obtained in the experiments [2] [3] [4] [5] [6] [7] . Figures 2(a) and 2(b) show that the morphology strongly depends on the grain orientations.
The variation of sample size, L, for geometrically similar samples under the same σ n and γ by three orders of magnitude illustrates that the curve of the normalized sliding displacement u s =L vs x=L, as well as the stress, strain, and volume fraction of the HPP fields, are independent of L. Thus, our model is indeed scale-independent. Next, we allow dislocation activity in the right grain (φ 1 ¼ 89:7°) by introducing two slip systems with AE35.26°t o the x axis [ Fig. 2(c) ] and start the PT and sliding within right grain after reaching a stationary dislocation solution in the left grain. Because of rate-independent dislocation kinetics (2), dislocations are much faster than the PT, and the corresponding stress relaxation suppresses the PT. Three nuclei, instead of two, are observed in Fig. 2(c) ; two of them coalesce. These nuclei do not cross the slip planes because tensile stresses in the regions with missing atomic planes produce athermal interface friction. In fact, in addition to the tip of the dislocation pileup, a strong compressive stress concentrator near the extra planes of dislocations promotes the nucleation and stabilization of HPP, and it should be considered as a new nucleation site not mentioned in the literature. In total, the HPP region (c ¼ 0.35) is smaller than the one in Fig. 2(b) (c ¼ 0.48) . Nonetheless, similar to the nanoscale PFA [9, 10] , we are able to find such combinations of loading conditions that the PT wins its competition with the plasticity.
When the elastic properties of the material do not change during the PT and the contribution from the surface energy is neglected, the following phase equilibrium condition for each point of a sharp interface should be valid [10, 11, 35] :
in which σ∶ε t is the transformation work (ε t is the transformation strain tensor). The isolines corresponding to Eq. (3) based on the local stress tensor field are plotted in Fig. 2 . For most interfaces, the condition in Eq. (3) is met, which is similar to the nanoscale PFA [10, 11] . Surprisingly, the plastic strain does not appear in Eq. (3); however, plasticity contributes indirectly by changing local stresses. The coupled dislocation and PT evolution in a polycrystalline aggregate, shown in Figs. 3(a) and 4 , is studied at τ c ¼ 0.3 GPa, fixed σ n ¼ 6.05, and slow shear straining with the rate of 0.004 s −1 . The location, number of slip bands, and the spacing between them are determined by initial heterogeneities of the microstructure (defects and composition) and internal stresses, and they are chosen arbitrarily. Nucleation of HPP occurs mostly near the extra planes of dislocations in the same grains and near the tip of dislocation pileups in the neighboring grains. For most interfaces, the phase equilibrium condition (3) is met. This confirms the necessity of excluding plastic work from the Eshelby driving force for the interface propagation debated in [35] . The averaged volume fraction of the variant 2 is larger than for variant 1. Because of the different orientations, sizes, and positions of grains, a very heterogeneous volume fraction of the HPP in different grains is observed [ Fig. 3(b) ]. The smallest volume fraction is in the grains located at the corners (grains 6, 2, and 9); however, the PT is very pronounced in a large corner grain 1. The PT in most grains reaches, or nearly reaches, the stationary state, and a reverse PT occurs in grains 2 and 8.
The results for some parameters averaged over the entire sample are shown in Fig. 3(c) . After a small initial growth from 4.7 to 5 GPa, the averaged pressure drops to 2.4 GPa during the shear due to the reduction in volume throughout the PT. The shear stress increases to 2.05 GPa due to the increasing number of dislocations, as well as the back stresses due to dislocation pileups at grain boundaries and PHYSICAL REVIEW LETTERS 121, 205701 (2018) 205701-4 stress heterogeneities in various grains. Thus, the shear stresses play a more active role than the pressure with a PT progression. Based on the curves forc i andc, PT reached a stationary state, and a further increase in shear is not productive. This result corresponds to the existence of the stationary, incompletely-transformed states for straininduced PTs [8, 36, 37] and the concept that plastic shear should be optimal rather than as large as possible [36] . Note that, both for bicrystal and polycrystal, the phase equilibrium condition (3) is also met for the stresses averaged over the entire sample. This finding, along with the results in Fig. 3(c) , is important for the computational development of the model for polycrystalline aggregate, which is required for macroscale modeling of the behavior of a sample compressed and sheared in traditional and rotational diamond anvils [38, 39] . A greatly simplified kinetic model [8] is currently used.
Thus, a scale-free model for the coupled evolution of discrete dislocation bands and multivariant martensitic microstructure is developed. As a thin twin in [29] and shear crack in [40] are presented as dislocation pileups, our model includes them as well. Because our approach is based on slip displacements, it can be applied to macroscopic shear bands without referring to dislocations as well. The independence of the solutions of the sample size is demonstrated. Despite its simplicity, the model reproduces the solutions obtained with the nanoscale PFA [9] [10] [11] . The plastic strain-induced PT in a polycrystalline sample under compression and shear is simulated. The solution explains a drastic reduction in PT pressure due to plastic deformations [2] [3] [4] [5] [6] [7] , the existence of an incompletely-transformed stationary state, and optimal shear strain for strain-induced synthesis of HPPs. The simplest phase equilibrium condition (3), which does not contain plastic work and surface energy, is met for the entire sample and most of the interfaces.
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Supplemental Material
Scale-free modeling of coupled evolution of discrete dislocation bands and multivariant martensitic microstructure In the main text and here, vectors and tensors are designated in boldface; A · B and A : B respectively represent the contraction and double contraction of two tensors; and the subscript s designates the symmetric part of the tensor.
Description of the PT model
In the presented model, which was developed in [3, 6] and advanced in [2] , the strain-softening (an instability region in the local stress-strain curve) plays a key role in producing a discrete microstructure of the HPP, in contrast to usual phenomenological models [1, 5, 8] . Due to this unstable region, the model is capable of reproducing results obtained by traditional PFAs.
The complete system of equations is presented in the Box. The displacement and the position vectors are designated by u and x respectively; the subscripts 0 and i denote the austenite and i-th martensitic variant. Thus, c = m i=1 c i is the volume fraction of all martensite variants (HPP) and c 0 = 1 − c stands for the volume fraction of austenite (LPP). Macroscopic transformation strain ε t is defined by Eq. (S.5), in which ε ti denotes the Bain strain tensor for the PT of austenite crystal to the i-th martensitic variant. Eq. (S.6) determined the rate of change in the volume fraction variant i in whichċ ij is the rate of transforming the variants M j to the variant M i (for i, j > 0) or austenite to the variant M i (for j = 0 and i > 0). Eq. (S.7) represents Hooke's law in which σ and E are the stress and the effective elastic moduli tensors, respectively. The Helmholtz free energy can be decomposed into a combination of the elastic and thermal energies, and the energy of interaction between all phases, including interfacial energy:
where ψ el = 0.5 ε e : E(c i ) : ε e is the elastic energy, ψ θ 0 (θ) and ψ θ M (θ) are the austenite and martensite thermal energy, respectively, and θ indicates temperature. Interaction energy is presented in the simplest form:
in which A and A ij are the coefficients [3, 6] . By applying the second law of thermodynamics in the Clausius-Planck, the expression for the dissipation rate can be derived as:
The first and second parts of Eq. (S.3) demonstrate the dissipation rates associated with the PT from austenite to martensite and between martensitic variants, respectively. X i0 and X ij are the driving forces for PTs of 0 → i and j → i variants (see Eqs. (S.9) and (S.10)).
Problem Formulation

Kinematics
The additive total decomposition of the total strain, ε, into elastic and transformational parts
The volume fractions of phases and their rates
Constitutive equations
Hooke's law: σ = E : ε e (S.7)
Tensor of elastic moduli
Thermodynamic driving forces for PT from austenite to martensitic variant i
Thermodynamic driving forces for transformation between martensite variant j −→ martensite variant i
Phase transformation criterion: Austenite −→ i-th martensitic variant: According to the criteria expressed in the Eqs. (S.11) and (S.12) for austenite ↔ martensite and martensite ↔ martensite transformations, PTs start when the magnitudes of the driving force are greater than the athermal threshold k ij [3] .
The structure of kinetic equations presented in Eqs. (S.13) and (S.14), which shows linear relations for the rate of volume fractionċ ij , is formally close to the overstress viscoplastic models in the plasticity theory.
Material properties. PTs between body-centered cubic to body-centered tetragonal are considered in 2D. Due to the fact that the variant are all connected to each other by the symmetry operations, the kinetic coefficients and the athermal threshold for PT between austenite and each martensitic variant are the same, i.e. k 0i = k 0j = k and λ 0i = λ 0j = λ. Figure S1 : Evolution of the HPP microstructure obtained from utilizing (a) nanoscale PFA in nanoscale sample reported in [7] , and (b) the present scale-free model, under σ n = 3.05 and γ = 0.2.
Because we do not want to reproduce interfaces between martensitic variants, A ji = 0 for all i, j > 0. The parameters for the PT and contact problems are as follows: the magnitude of the interaction energy A = 1.0 GPa, ψ i −ψ 0 = ∆G θ = 1.0 GPa (change in thermal energy for the PT from the LPP to HPP), λ ij = 10 MPa (j = 0, m−1 = 1, and i = j+1, j+2, ..., m = 2), which are the kinetic coefficients for the PT between the austenite and the martensite, and between the martensitic variants, the magnitude of the Burgers vector |b| = 0.35 nm, elastic modulus E = 177 GPa and Poisson's ratio ν = 0.24 are the same for both phases. In addition, the transformation strains are ε tx = ε ty = −0.05 ε txy = 0.2, the phase equilibrium pressure is p e = 10 GPa, and the lattice instability pressure for the LPP is p cr = 20 GPa.
2 Comparison between present and nanoscale PFA results Fig. S1 shows good correspondence for HPP microstructure evolution between our scale-free model and advance nanoscale PFA in [7] .
